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Abstract. We address an interesting question raised by Dos Santos Ferreira, Kenig 

2n In 

and Salo about regions TZ g C C for which there can be uniform L n + 2 — > L n ~ 2 
resolvent estimates for A s + £, £ £ TZ g , where A 9 is the Laplace-Beltrami operator 
with metric g on a given compact boundaryless Riemannian manifold of dimension 
n > 3. This is related to earlier work of Kenig, Ruiz and the third author 1 181 for 
the Euclidean Laplacian, in which case the region is the entire complex plane minus 
any disc centered at the origin. Presently, we show that for the round metric on 
the sphere, S n , the resolvent estimates in 1111 . involving a much smaller region, are 
essentially optimal. We do this by establishing sharp bounds based on the distance 
from £ to the spectrum of Agr. . In the other direction, we also show that the bounds 
in |11| can be sharpened logarithmically for manifolds with nonpositive curvature, 
and by powers in the case of the torus, T n = R n /Z n , with the flat metric. The 
latter improves earlier bounds of Shen 121 1 . The work of 1111 and 12 1 1 was based 
on Hadamard parametrices for (A g + C) _1 - Ours is based on the related Hadamard 
parametrices for cos tyj— A 9 , and it follows ideas in [25) of proving L p -multiplier 
estimates using small-time wave equation parametrices and the spectral projection 
estimates from [24] . This approach allows us to adapt arguments in Berard [3] and 
Hlawka |15l to obtain the aforementioned improvements over lll| and 12 1 1 . Further 
improvements for the torus are obtained using recent techniques of the first author [5] 
and his work with Guth [7] based on the multilinear estimates of Bennett, Carbery 
and Tao [2]. Our approach also allows us to give a natural necessary condition for 
favorable resolvent estimates that is based on a measurement of the density of the 
spectrum of ^J— A s , and, moreover, a necessary and sufficient condition based on 
natural improved spectral projection estimates for shrinking intervals, as opposed 
to those in |24] for unit-length intervals. We show that the resolvent estimates are 
sensitive to clustering within the spectrum, which is not surprising given Sommerfeld's 
original conjecture | 31 | about these operators. 



1. Introduction. 

The purpose of this paper is to address a question of Dos Santos Ferreira, Kenig and 
Salo [11] about the regions K 9 cC for which there can be uniform L p -resolvent bounds 
of the form 

(i.i) llull 2„ <c w ||(A g + cHI »» , Ce7e„, 
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if A g is the Laplace-Beltrami operator on a compact boundaryless Riemannian manifold 
(M, g) of dimension n > 3. We shall be able to obtain sharp results in some cases (Zoll 
manifolds) and improvements over the known results in others (nonpositive curvature). 
The results that we obtain are related to known bounds for the remainder term in the 
sharp Weyl formula for A g , which measures how uniformly its spectrum is distributed. 

Our results also are related to Sommerfeld's original conjecture and reasoning regard- 



ing the resolvent operators that are associated with (1.1), [3JJ (see [JJ). Recall that 
solutions of the Helmholtz equation, 

Agu(x) + \ 2 u(x) = F(x), 

give rise to solutions w(t,x) — u(x)smtX of the dynamic equation of forced vibration, 
(d 2 — A g )w(t,x) = sin At F(x). A classical problem proposed by Sommerfeld is to de- 
termine how solutions of the forced vibration equation are related to solutions of the 
stationary free vibration equation (A 9 + A?) ej(x) = (eigenfunctions) and the possible 



Xj (the frequencies). Theorems 1.2 and 1.3 below address this issue. We are also able 
to give a complete answer to the current variant, ( |1.1| , of this problem for the standard 
sphere, and an essentially sharp one for Zoll manifolds, due to the tight clustering of the 
eigenvalues in these cases. Also, in many ways, the pointwise estimates that we employ 
in the proof of our estimates, as well as the negative results that we obtain, are in accor- 
dance with Sommerfeld's reasoning. Note also how we have introduced a square, ( = A 2 , 
into the problem, which will turn out to be a matter of bookkeeping that will simplify 
the analysis. 

Regarding a related problem for Euclidean space, involving the standard Laplacian, 
Ar™, on K™, n > 3, it was shown by Kenig, Ruiz and the third author (KRS) [18 that 
for each 8 > one has the uniform estimates 

(1.2) \\v\\ ^ < Cs\\(A R n +CHI , if C € C, (CI > S, and veS(R n ). 

In particular, the bound even holds when £ is in the spectrum of — Aru, but of course 
(1.1) cannot hold if 1Z intersects the spectrum of — A g , Spec(— A 9 ), since the latter is 



discrete. . 

For the manifold case, the interesting question is how close 7Z can come to Spec(— A 9 ) 
near infinity and still have ( |1.1[ ). Given 6 > it is very easy to see (see §2) that (1.1 ) is 
valid if 1Z is 

(1.3) KJ = {C G C : |C| > 6 and Re ( < 5}. 

This essentially follows from elliptic regularity estimates, and one can prove the assertion 
(see §2) using the spectral projection estimates of the third author [21]. 

A very nontrivial result due to Shen [2T] (see also [22]) for the flat torus, T" = R"/Z™, 
n > 3, and DKS [TT] for general compact manifolds of these dimensions is that it also 
holds when 1Z is 

(1.4) n DKSS = {(£C: (ImC) 2 ><meC, BeC>6}\JHj. 

The boundary of the nontrivial part of this region is the curve "/dkss i n Figure 1 below. 

In part following [23], Dos Santos Ferreira, Kenig and Salo [TT] used the Hadamard 
parametrix for (A g + C) 1 and Stein's [35] oscillatory integral theorem. In his work for 
the torus Shen [21] was also able to make use of identities akin to the Poisson summation 
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formula. Once the parametrix was established the main estimates were similar to the 



earlier ones in (1.2) for the Euclidean case of KRS 



In addition to proving the aforementioned results Dos Santos Ferreira, Kenig and Salo 



in [IT] also asked whether (1.1) can hold for larger regions than the one in (1.4), and in 



particular if 7Z is the region 

(1.5) ft opt = {CeC: |ImC| >5}l>1ls. 

Clearly the condition that |Im (\ be bounded below is needed since A g has discrete 
spectrum. This region is the one bounded by the curve j op t in the figure below. 




Figure 1. Earlier results and the problem 



To motivate our improvements over previous results and our progress on this question, 
let us return to the analogous bounds (1.2) for the Euclidean case. Taking ( = 1 + ie, 



< e < 1, we see that this estimate implies that the multiplier operators 



/ -> (2tt)- 



- 1 



fe) 7(0 # 



are uniformly bounded from L™+2(R n ) to L»- 2 (R n ). Considering the imaginary part of 
this operator, one can see (cf. [15] . p. 342) that this implies the following variant of a 
special case of the Stein- Tomas restriction theorem [33] (written in a li TT*" fashion): 



(1.6) (2tt) 



UeR":||{|-l|< E } 



»- 2 (M)(K") 

<Ce\\f\\ 



Ln+2 (M)(R") 



< £ < 1. 



The issue of whether (1.1) can hold for regions larger than the one in (1.4) is tied 



closely to what extent bounds like this one are possible on a given {M,g), which is an 
interesting question in its own right. To state things more clearly, we need to introduce 
some notation. First, we label and count with multiplicity the eigenvalues of 
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as follows 

= A < Ai < A 2 < • • • . 

We associate a real orthonormal basis of eigenfunctions {ej(x)}, i.e., —A g ej(x) — X^ej(x), 
and let Ej denote projection onto the jth eigenspace: 



Ejf(x) = ( f(y)e J (y)dV g )e J (x). 
Jm 

Then for a given < e < 1, we consider the e-scale spectral projection operators 

(1-7) X[X-e,X+e]f= E E if- 

\X 3 -X\<e 

From [21], it follows that for e = 1, we have 
(1-8) ||X[A- W ]/|L, ( M)^ CACT(P) ll/ll Li ^ (M) ' 

ifp>^^ ; and o{ P )=2n{\-\)-l. 

The relevant issue for improving the resolvent bounds on a given Riemannian manifold 
(M, g) is whether there is a function e(A) taking on values in (0, 1] that decreases to as 
A — > +oo, i.e., e(A) = o(l), for which 



(!-9) ||x[a- £( a),a +£( a)]/|| lp(m) < C p e{\)\^\\f\\ L ^ 



(AT)' 



with a uniform constant C p for some p > ~~rr^ ■ The relevant case for improvements 
of (1.1 1 beyond (1.4) of course is p — ^r^, but we are stating things this way to help 
motivate negative results as well. 



The latter are based on the fact that, as is well known, if (1.9) holds for a given 
exponent p Q g [~rx ,00 )' ^ nen ^ must hold for all larger exponents, including p — oo. 
This assertion follows from Sobolev-type inequalities for finite exponents and a Bernstein- 
type inequality for p = oo (see the remark after Lemma 3.1 below). The estimate (1.9) 
for p — oo is equivalent to the statement that the kernel of the operator satisfies the 
following bounds along the diagonal: 

X[\-e(X),X+e(X)]{x,x)= ^ \e s (x) | 2 < Cfe(A) A"" 1 . 
|A 3 -A|<e(A) 

As a result, the trace of the operator then would have to satisfy the following bounds if 
(1.9) were valid for some exponent ~~i ^ P ^ oo, 

n-l 



(1.10) N(\ + e(\))-N((\-s(\))-)= / X[x-e(x),x+e(x)](x,x)dV g <Ce(X)X 

Jm 

with 

N(X) = #{j : A, < A} 

being the Weyl counting function. Here N(X-) = lim T/ *,\ N(t), and thus the quantity in 
(1.10) is #{j : A — e(A) < Xj < X + e(A)}. Consequently, a necessary condition for (1.9) 
is that the number of eigenvalues in bands of width e(A) about A should be comparable 
to the size of the corresponding e(A)-annulus about the sphere of radius A in E™. 
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No such results are possible on the sphere or Zoll manifolds Q and so ( 1.9 1 cannot hold 
in this case with e(A) — > 0. Correspondingly, the earlier resolvent bounds cannot be 
improved in this case: 

Theorem 1.1. Let (M,g) be a Zoll manifold of dimension n > 3. Then if 

R+3 t^t 2 + ie(r)r = C(r) G C 
is a curve for which e(r) > for all r and e(r) — > as r — » +oo, follows that 



(1.11) 



sup 

Kr< A 



-co, as A — > +oo. 



[»+! (M) — s-L"-2 (Af) 

Moreover, for the Laplacian on the standard sphere, we have 

(i.i2) ii (A S n + cr x || ja, 

ReC > 1, and (ImC) 2 < |Re C|- 



max (dist( v / C, SpecV-A s >, 



1 for C G 



These bounds also hold for any Zoll manifold (M, g) in the subset of this region where 
llmy^l > Cyi/Re VC> with Cm depending on M. 



We are able to make these precise estimates on the norms in ( 1.12 1 since we know how 



the eigenvalues are distributed with a great deal of precision. In the case of the standard 
sphere, S n , the distinct eigenvalues of — As»» are k(k + n— 1) repeating with multiplicity 
ps /c" _1 . If (M,g) is a Zoll manifold with 27r-periodic geodesic flow, then, by a theorem 
of Weinstein [35], there is a number a = a(M) so that, for large k, there are f=s 
eigenvalues of — A g counted with multiplicity in the intervals [(k+a) 2 — Cm, (k+a) 2 +CM } , 
k = 1, 2. . . . . The tight clustering of the spectrum is what accounts for (1.12). 



Although we are only able to compute the resolvent norms in these special cases, we 
are able to obtain the following result which gives a necessary condition to improvements 
of the earlier results in terms of the density of eigenvalues on small intervals. 



Theorem 1.2. Suppose that < Tfc — > +oo as k — > oo and suppose further that there 
exist e(rfe) > satisfying e(rfe) \ as k —¥ oo and 

(efaK -1 )" 1 [ N (n + e{r k )) - N(r k - e(r k )-)] — ► +oo. 

Then 



(A s + t 2 + iT k e(T k ))' 



L "+ 2 (M) — >L «- 2 (M) 



Based on this, for there to be positive results for the problem posed in [TT] for a given 
(M,g), one would need that N(X + 1/A) - N(X - 1/A) = 0{\ n ~ 2 ), as A ^ +oo, which 
appears to be an almost impossibly strong condition (cf. [17], [33]). This is because the 
curve jopt , which is the boundary of the region in the problem raised in [TT] corresponds 
to e(A) = c/A, 



In the other direction, there are many cases where for p = oo ( 1.9 ) and hence ( 1.10 1 are 



valid. The first place where this occurs for ( 1.9 1 seems to be in a paper of Toth, Zclditch 



and the third author [28], who following earlier work of Zelditch and this author [29] 



^Recall that a Zoll manifold is one for which the geodesic flow is periodic with a common minimal 
period I. These manifolds are also sometimes called manifolds for this reason. See [4]. 
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showed that for any M we have (1.9 1 with e(A) 
metrics. (See (1.8) in [Mj and §6 in [25].) 



e g (A) — > for a generic choice of 



One of our main results says that improvements for (1.9 1 for p 



n— 2 



provide a 

necessary and sufficient condition for improvements of the earlier resolvent estimates: 

Theorem 1.3. Let (M,g) be a compact Riemannian manifold of dimension n > 3. 
Suppose that < s(X) < 1 decreases monotonically to zero as A — > +oo and that e(2A) > 
|e(A), A > 1. Then one has the uniform spectral projection estimates 

} E 

|A-A J |< e (A) 

if and only if one has the uniform resolvent estimates in the region where |Im £| > 
(ReC)MReC), R-eC > I, i.e., 

(1.14) ||u|| <C\\(A q + (X + ip) 2 )u\\ ^ , 

A,/ieR, A>1, |/x|> £ (A), uGC°°(M). 



(1.13) 



< Ce(A)A||/|| , A > 1, 



It is not difficult to see that in the case of T™ the estimate (|1.13 ) is valid for certain 

it of Hlawka [TS] (see 
Using these bounds 



negative powers of A. One can use the lattice point counting argument of Hlawka |15| (see 

A~ 



§3.5 in [37]) to see that for p = oo ( 1.9 1 is valid with e(A) 



i - 1 
i+i 



and a simple interpolation argument one can see that (1.13) and hence (1.14) is valid 
with e(A) = A~"+r. Using the multilinear estimates of Bennett, Carbery and Tao [2] and 
recent techniques of the first author and Guth [7] as well as techniques from his recent 
work [5]-[6] one can do better and therefore obtain the following power improvements 
over the earlier ones of Shen [21] . 

Theorem 1.4. If At" is the Laplacian on the flat torus T" = E"/Z" of dimension 



n > 3, then (1.13) is valid with 



e(A) = A~ e " 

for some e n > 0. In fact for n = 3 one may take any £3 satisfying 

85 



£3 < 



252' 



For higher odd dimensions one may take any e n satisfying 

2(n- 1) 



£n < 



n(n + 1) ' 

and for even dimensions n > 4 one may take any e n satisfying 

2(n- 1) 



£n < 



n 2 + In - 2 ' 



Consequently, for this choice of e n we have (1.1) with TZ equal to 

^ = {(eC: |Im C| > <5(Re C)^ e ", Re C > 6} U KJ 



We remark that even though the argument of Hlawka [TS] shows that (1.9) is valid 
for p = 00 with e(A) = A~^+r, the best we are able to do for p = is e(A) = A~ e ", 
with e n — > as n — > oo. It would be interesting whether for the torus there can be 
further improvements. In the case of 2-dimensions, this may be related to a theorem 
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of Zygmund [35], which says that L 2 (T 2 )-normalized eigenfunctions have bounded L 4 - 
norms, while in higher dimensions further improvements might be related to recent work 
of the first author |B]. 

Besides the torus, it is known that for p = oo the arguments of Bcrard [3j show that 
one may take e(A) = (log(2 + A))" 1 in (OJ (see §3.6 in 27 ). Correspondingly, we have 
the following 

Theorem 1.5. Fix a Riemannian manifold (M,g) of dimension n > 3 with nonpositive 
sectional curvatures. Then given S > we have (1.1) with 1Z equal to 

K„ es = {(eC: |ImC| >£(ReC)V(l°g(2 + ReC)), Re(>6}UKJ. 

Our proof requires the special case of p = of a recent result of Hassell and Tacy [2] 
showing that under the assumption of negative curvature (1.9) is valid for all p > 2 ^ 1 1 ^ 
if e(A) = (log(2 + A)) -1 (with constants depending on p). For the sake of completeness, 
we shall present the proof in §5 where Theorem |1.5| will be proved. Related results 
to those of [Uj in 2-dimcnsions for the complementary range of exponents 2 < p < 6 
were also recently obtained by Zelditch and the third author [3D], and related results for 
cigcnfunction restriction bounds were also obtained by X. Chen |10j . 

In the figure below we draw the boundary of the regions described by the above results. 




Figure 2. Current results for (A g + C) 1 

Our techniques are similar to the earlier ones in [24], [18], [IT], [21] and [22] in many 
ways, but there are some important differences. First, instead of using a Hadamard 
parametrix for (A g + C) -1 , we use short-time ones for costP, P = ^J— A g , defined for 
/eC°°(M) by 

OO 

(1.15) (costP)/ = ^TcostXjEjf. 

3=0 

Doing so allows us to adopt arguments of the third author |25) that were originally used 
to prove certain sharp results for Riesz means on compact manifolds. The approach is 
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also simplified by writing £ = z 2 so that we can write (A g + z 2 )^ 1 in a simple formula 
that involves cos tP and the extension of the Fourier transform of the Poisson integral 
kernel to C\R. These modifications allow us to obtain our main estimates just by using 
stationary phase and not appealing to oscillatory integral theorems, which is useful in 
proving the improved results in Theorems |1.4| and |1.5| 

When we write £ = z 2 , we shall take z = X + i/j, where A e I and (usually) n £ R\{0}. 
As we shall review in the beginning of §2, it is easy to prove the resolvent estimates 
when |Rez| is bounded above by a fixed constant. Thus, we shall concern ourselves 
with the situation where it is large and since we squaring z, it suffices to treat the case 
where Rez 3> 1. Then the question is how small can \/i\ be so that we can obtain 
uniform estimates. In Theorem fj, then essentially becomes e(X), and so, as stated 
in Theorem 1.2 we cannot take fi(X) = o(l) as A — > oo for the sphere or Zoll manifolds. 
For the positive results, Theorem |l.4| says that we can take /i(A) = X~ £n for T", and 
Theorem |1.5| says that under the assumption of nonpositive curvature we can take it to 
be 1/ log A. Finally, the curve 7 opt which corresponds the the region in the problem raised 
by Dos Santos Ferreira, Kenig and Salo [TT] corresponds to fx(X) = 1/A in this notation, 
and we already indicated why Theorem |1.2| indicates how difficult it would be to obtain 
results curves close to this one. In the following figure, we show the regions involving 
uniform estimates for (A g + (A + i/i) 2 ). 

This paper is organized as follows. In the next section, we prove estimates for a 
localized version of (A ff + z 2 ) -1 that are uniform in z G C\M. This reduces bounds for 
(A g + z 2 ) -1 to proving remainder estimates for the difference of the actual inverse and 
the localized version. These remainder terms are handled by (1.9). After proving the 



localized estimates, we give the simple proof of Theorem |1.3[ We then successively treat 
the results for the sphere S n , the torus T™ and manifolds with nonpositive curvature. 
Also, in what follows, C denotes a finite positive constant which might change at each 
occurrence, although we shall be careful with issues of uniformity. 



A 




FIGURE 3. Boundary of regions for ((A 9 + (A + in) 2 ) 1 
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2. Uniform bounds for a local term. 



The purpose of this section is to prove uniform estimates for a localized version of the 
resolvents (A g + C) j C € C\R+. These are the natural analogs for the current setting 
of the uniform Sobolev estimates for the Euclidean case of Kenig, Ruiz and the third 
author [15]. 

To state these let us derive a natural formula for the Sommerfcld-Green's function (cf. 
P]) for the resolvent 

j ^ * 

Since the formula involves A 2 , and since the map C 3 z — > z 2 G C is onto, it is natural to 
write C as a square 

C = {\ + ifi) 2 , A,/ieM, n i= 
so that we can use the following 



Lemma 2.1. For all \i e R, fi ^ 



(2.1) 



dr = 2tt sgn^H (fit)e 



—fit 



fl — IT 

where H{t) is the Heaviside function which equals one for t > and for t < 0. Also, 
for all A,/i€i, fi 7^ 0, 

(2.2) / " "' T * _ dr = t7rSgn ^ ^(^"M)A|t|^-|^l 



-co r 2 - (A + ifi) 2 



X + ifi 



Proof. To prove (2.1 1, we may assume that fi > since the other case follows from 

ly's integral fo 

dr = er^-^ I dr. 



reflection. Then if < s < fx, Cauchy's integral formula yields 

c — itr 



fl — IT 



e — it 



Letting e \ 0, the right side tends to e M times the Fourier transform of i(r + iO) 



and since the latter is 2-n:H(t), we get (2.1 1 
Since 



1 



1 



1 



1 



2 — (A + ifi) 2 2(A + i/i) V r — A — i/i r + A + iji ) 



(2.1) implies (2.2). Alternatively, since for fi > the right side of (2.2) is 



A + i/i 



we conclude that for A = and fi > 0, (2.2) is just the formula for the Fourier transform 
of the Poisson kernel: 



dT 



e>0. 



Since both sides of (2.2) are analytic in the half-plane {z = A + ifi, fi > 0}, we conclude 



that (2.2) must be valid when fi > 0. The formula for /i < follows from this and the 
fact that the left side of ( 2.2 ) is an even function of z = A + i/.i. □ 
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Using the formula (2.2 1 we get from Fourier's inversion formula 

(A? - (A + itfY 1 = m * mi . / e *(sgnM)A|t| e -M e iAjt dt 

y 1 K ' ' 27r(A + ifi) I 



oo 

i sgnp 
X + ip J 



e i( SS n»)\t e -\n\t costX .dt. 



Consequently, if , as before, we set, P = *J—A g , then we have for / € C°° the formula 



(2.3) (A g + (A + »^) 2 )' 1 /= , M SSnM / e «(sgn/i)At e -|/i|« ( cos tp)/^. 

«(A + z/i) Jo 

In other words, the Sommerf eld- Green kernel for the resolvent, (A fl + (A + ip) 2 )~ 1 , is 
given by the formula 

(2.4) e(x,y) = Sg ^ r e i^)M e -Mt f^costX^e^dt. 

i(X + ip) J ~t> 



Here costP is as in (1.151. Put another way, u{t,x) = [costP f){x) is the solution of the 
Cauchy problem for the wave operator on (M, g) , 

\«(0, ■) = /, d t u(0, -)=0. 

To define the localized resolvent operators, we fix a function p e C°°(R) satisfying 

(2.5) p(t) = l, t<S a /2, P (t)=0, t>5 , 
where 

5 = min(l,Inj M/2), 

with Inj A/ denoting the injectivity radius of (M,g). The localized versions of resolvent 
operators then are given by 

(2.6) 6 loc (X,p) = Sgn// f°° p^e^^e-M* costPdt, 
and we have the following uniform KRS-type estimates for them: 

Theorem 2.2. Fix a compact boundaryless Riemannian manifold (M,g) of dimension 
n > 3. Then, given S > 0, i/iere is a constant C$ so that 

(2-7) \\& loc (\M L ^ iM) <C S \\f\\ L ^ (M) , 
for all 

(2.8) A,/ielR, p ^ 0, |A + iju| > <5. 

At the end of this section we shall give a simple argument showing how the estimates 
of Dos Santos Ferreira, Kenig and Salo [TT] are an immediate corollary of this result and 
the spectral projection bounds in [23]. Later we shall also use Theorem 2.2 to obtain the 
improvements of the resolvent bounds in [11] and [21] . mentioned in the introduction. 
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Let us first realize that it is easy to estimate the operators in (2.6 1 when |A| is bounded 
by a fixed constant A, i.e., |A| < A. We note a simple integration by parts argument 
shows that the function 

/•oo 

(2.9) K3t^6 a ,(t). /x 8gnM . / p (t) e i(°w)>* e -M* costrdt, 

is uniformly bounded by C(1+t ) , under this assumption if |A+i/x| > 5, with C = Cg.A 
depending on A and 5 > 0. Consequently, we can obtain (2.7) in this case by appealing 
to the following easy consequence of the spectral projection estimates of the third author. 

Lemma 2.3. Given a fixed compact Riemannian manifold of dimension n > 3 there is 
a constant C so that whenever a £ C(R+) we have 

if a(P) is the operator defined for f 6 C°°(M) by 

oo 

a(P)f = J2^j)Ejf. 
j=o 

Also, if we let 

<*k(P)f= E a ( X j) E if> fc = 1,2,3,..., 

A 3 e[fe-i,fc) 

then if p > 2 ^™*P and a{p) is as in (1.8) 



\\u k (P)f\\ LP{M) <Ck^( sup |a(r)|) ll/H , 



-(M) 



Proof. Let us start with the second inequality. If xx are the spectral projection operators 

xxf = E £ ;/< 

Aj£[A-l,A) 

then it was shown in [24] that for p > 2 ^"J f 1 1 - > we have the following estimates for their 
operator norms 

WxxWmM)^LP(M) = Wxx\\ L ^ (M) ^ LHM) < cx^f 1 , a > i. 

Therefore since a k {P) — Xfe ° a k(P) ° Xk, for fc = 1, 2, 3, . . . , we have 

\\ak(P)fhp(M) < Ck^f 1 \\a k {P)xkf\\L^(M) 

<Ck^( sup |a(r)|) ||xfe/||i=(M) 

TG[fe-l,fe] 



<CWM( sup >(t)I)II/II l ^ (m) , 



rG[fe-l,fe] 

giving us the last part of the lemma. 

To prove the L™+z(M) — > L^ = ^{M) bounds for the non-truncated operator, since 
nT2 < 2 < ^rj, we can use Littlewood-Paley theory to reduce to the case where the 
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Fourier multiplier a has dyadic support (see |26|). In other words, it is enough to prove 
the first inequality under the additional assumption that for some j = 0, 1, 2, . . . 



a(r) =0 if r i [2 j ~ 1 ,2 j ]. 



But since then 



\\a(P)f\\ < V \\a k (P)f\\ 2„ 

fc£[2J- 1 ,23] 

this desired estimate follows from what we have just done, since cr(jp) = 1 when p = 

~ □ 

n — 2 

Returning to the proof of Theorem |2.2[ by what we have just done, we are left with 



proving the nontrivial part of (2.7|, which would be to show that the estimate holds when 
|A| > 1. After possibly multiplying A + ifJ- by —1, we can simplify the notation further, 
and note that our task is reduced to proving the uniform estimates under the assumption 
that A > 1 and /i ^ 0. 

To prove the bounds for this case, we shall use the Hadamard parametrix for the wave 
equation and the following stationary phase estimates that are essentially in the paper 
of Kcnig, Ruiz and the third author 18J: 

Proposition 2.4. Let n > 2 and assume that a 6 C°°(M.+ ) satisfies the Mihlin-type 
condition that for each j = 0, 1, 2, . . . 



(2.10) 



d 3 
dsi 



a{s) 



< AjS'i, s > 0. 



Then there is a constant C , which depends only on the size of finitely many of the con- 
stants Aj so that for every w G C\K 



(2.11) 



»(!€!)■ 



dt 



<C{\x\ l - n + {\w\/\x\)^). 



Note that this estimate immediately implies the following bounds which will be useful 
later on 



(2.12) 



my 



< 



C 



\wi - w 2 



( I ,1-n , /KI + l^aK V\ 

[\x\ +y rn j J, w ,wi G C\I 



As in (2.111, the constant C depends only on n and finitely many of the constants in 

(poL 



Proof of Proposition \2.4\ Recall that if b G C 



: + ) satisfies 

.b(s) <B j s~ 1 - j , s>0, 
then we have that the Fourier transform of is a function satisfying 



e- te *&(|£|)d£ 



< B\x\ 
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where for each n, the constant B depends only on the size of finitely many of the constants 
Bj. Therefore since the dilates of a(|£|), £ — > satisfy exactly the same bounds as 



in (2.101, we conclude from a change of scale that there must be a uniform constant C 



so that the left side of (2.11) is < C^l 1 "™ if w= \w\e t6 and 9 E (-tt, tt)\[— tt/4, tt/4] 



As a result, by a change of scale, we would have (2.11) if we could show that 

<C( 



< e < 1. 



» lfl-1 + te 

If /9 € Cq°(K) equals one when s € [1/2,2] and is supported in [1/4,4], by the above 
argument, if we replace a(|£|) by (1 — /3(|£|)) a (|£l) then the resulting terms are bounded 
by a uniform constant times If we let a(|£|) = /3(|£|)a(|£|), we conclude that it 

suffices to show that if a € Cq°(R) is supported in {s € K : s E (1/4,4)}, then 



(2.13) 



IE 



< C(l 



< £ < 1. 



To prove this we note that since 

|£|-l + te (|e|-l) 2 4 

the estimate trivially holds if |a;| < 1. To handle the remaining case, we recall that we 
have the following stationary phase formula for the Fourier transform of the Euclidean 
surface measure on S 71 ^ 1 , n > 2, 



IS 



(2.14) 



1 d<j{uj) 



z + {\x\y^ + \x\ 



2 C_ 



-i\x\ 



g n -l 



where for, say, r > 1/4, the coefficients satisfy 



(2.15) 



dP_ 



c+(r) 



dri' 



< C,r- 



3 =0,1,2,.. 



Therefore, the integral in the left side of ( |2.13 1 is the sum of the two terms 

\x\-^ I' M^W^T e±frH dT . 
A/4 T-l + ie 

Since the Fourier transforms of the functions r — > a(r)c±(r|a;|)T Ii 2 J " € C^°((l/4, 4)), have 

□ 



uniformly bounded Z^-norms when \x\ > 1, we get (2.13) for such x by Lemma 



2.1 



Let us turn to the proof of the missing uniform bounds 
(2.16) ||6 ioc (A, M )/|| 



<C||/|| A , A>l,/i€ M\{0}. 



Note that the function (3; oc (A, /x)(r) in (2.9) satisfies 



|©ioc(A,M)(r)| <Ct 



if r > 2A > 1, 



for some uniform constant C . This just follows from an integration by parts argument 
using (2.9) or one can use ( |2.38 1 below and (2.9). On account of this, if we fix a function 
b E C°°(M) satisfying b(s) = 1 for s < 2 and b(s) — for s > 4, by Lemma 2.3 we have 
the following uniform bounds 



\(I-b(P/X))o6 loc (X^)f\\ 



<C\\f\\ 2„ 

' (M) - 11 N i"+J (M) 
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Thus, in order to prove ( |2.16[ ), it suffices to show that we have the uniform bounds 

(2.17) \\b(P/X)oe loc (X^)f\\ LAm <C\\f\\ L ^ {My A>1, /*€R\{0}. 

We shall do this by dyadically breaking up the ^-integral in the definition of &i oc (X, //), 
estimating the pieces in L 2 and L°° and interpolating. To this end, let us fix a function 
P € C(f(IR) satisfying 

OC 

(2.18) P{t) = 0,t£ [1/2, 2], \P{t)\ < 1, and £ P{2~H) = 1, t > 0, 

j=~oo 

Then for a given A > 1 and fj, 6 R\{0}, we define operators 

1 r°° 

(2.19) Sj f=—-— P(X2-np(t)e l ^^ xt e-^ t costPfdt, j = l,2,3,..., 

«(A + Jo 

and 

(2.20) S /=— — / ^(AtJpWe^^^e-l"'* costPfdt, 

i(X + ifi) J 

with 

oo 

p(f) = (i-^^))er(I), 

and consequently, p{t) = if |t| > 4. 

By Corollary 4.3.2 in or multiplier theorems in [2"0"] . 

SUp ||6(P/A)|| J2n_ »n < oo. 

A> V I,"- 2 (M) — >L n ~ 2 (Af) 



and therefore, since 6/ oc (A, ^) = sgn/i^°^ Sj, we would obtain (2.17) if we could show 
that there is a uniform constant C so that for A > 1 and p, £ K\{0} we have 

(2.21) ||6(P/A)o5 /|| < C\\f\\ ^ , 

V 1 \\ \ I I L "- 2 (A/) L »»+ 2 (M) 

as well as 

(2.22) <C2--||/|| , j = l,2,.... 

V y 11 L ™~ 2 (M) — MJ|I £»+ 2 (M) J 

Note that Sj = if 2 J '/A > 2. 

Let us start with the first estimate since it is fairly trivial. Since the kernel of b(P/X) o 
cos tP is 

&(Aj/A)costA j e J -(a;)e 3 (y), 

A fc <4A 

and by the local Weyl law (see e.g., (4.2.2) in [2"5]), £ A(c<4A \ e k(x)\ 2 < CX n , x G M, we 
deduce that 

\(b{P/X) o cos tP)(x,y)\ < CX n . 

Since p(Xt) = for t > 4/A we deduce from ( |2.20[ ) that the kernel if (a:, y) of &(P/A) o S 
can be uniformly bounded as follows, 

\K (x,y)\ <CX n - 2 . 
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Since, by the finite propagation speed for the wave operator, we have (cos tP)(x, y) = 
if d g (x, y) > t, where d g (x, y) is the geodesic distance between x and y, we also have that 

K (x,y) = 0, if d g (x,y) > 4/A. 

These two facts about K lead to ( |2.21 1 after an application of Young's inequality. 

We are now left with proving (2.22). By interpolation, we would get this estimate if 



\Sjf\\mM) <CA- 1 (2VA)||/|| i2(M ), 



we could establish the uniform bounds 

(2.23) " c - ^ 
and 

(2.24) WSjfh-m < CA"- 2 2-^'||/|| 
since 



L 1 (M) j 



= i . ™=2 and 

2n 2 n 



2~n = (A- 1 (2 J /A))"" 2 (A"- 2 2-^)". 



The first estimate is easy. If we use (2.19), the fact that costP is bounded on L 2 with 
norm 1 and (2.19), we get 

\\Sjf\\v < A" 1 / || costP/|| L2 dt < 4A- 1 (2VA)||/|| L2(M ), 



23'- 1 /\<t<2i + 1 /X 



as asserted. 



This leaves us with proving (2.24), which is the same as showing the kernel Kj of Sj 
satisfies 



(2.25) 



if, by (2.19), 



(2.26) KAx,y) 



i{\ + in) J 



\Kj(x,y)\ <CX n - 2 2-^\ 



/?(A2^) j o(t)e t(sgn ' l)At e- |Al|t (cos tP) (x, y) dt. 



To proceed, we need to use the Hadamard parametrix. Since p(t) — when t is larger 
than half the injectivity radius, the Hadamard parametrix says, that, modulo a smooth 
error, on the support of p, we have 

(2.27) (costP)(x,y) = V / e iK ^<e ±u ^a ± (t,x,y, |£|) d£, 

± JE" 

where n(x,y) denotes local geodesic coordinates of x about y so that 

\K(x,y)\ = d g [x,y), 

and the symbol satisfies 

(2.28) \D?D%, tV a±(t,x,y, |^|)| < C Tl , 73 (l + 

for all multi-indices 7,-, j = 1, 2. See [T3], [TB], [TH] or [37]. If we replace (cos tP)(x, y) by 
the smooth error in the Hadamard parametrix, the resulting expression will be 0(A _1 (2 J /A)) 
by (2.26), which is better than the desired bounds for Kj, assuming as we are that j > 1 
and 2-? /A < 2. 

Thus, if we set 

e = 2-?/ A, A" 1 < e < 2, 
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it suffices to show that the kernels Kj(x,y) given by 



1 



i(X + ifi) J 



f3(t/e)p(t)e l(sgn,l)xt e- Mt a ± {t,x,y, \£\)e iK ( x ' y > 6±it W d(dt 



satisfy 
(2.29) 



\Kf[x,y)\ < CX^e-^r, if A^ 1 < e < 2. 



e±«iei 



d£_dt 



If t « 1 then using (2.28) and a simple integration by parts argument we see that we 



have the uniform bounds 



a ± (et,x,y,\S\/e)d£ <C, if \v\/t $ [1/2,2]. 



From this and the support properties of /3 we deduce that 

\KHx,y)\ < Ce 1 ~ n X~ 1 , if \v e \ = \n(x,y)\/e £ [1/4,4], 



which is better than the bounds in (2.29) since we are assuming that e > X 1 . 



Consequently, we have reduced matters to proving (2.29) under the assumption that 
1/4 < |t> e | < 4. To this, we note that if af (r, x, y, |£|) is the inverse Fourier transform of 

t ->■ (3(t)p(et)a ± (et,x,y, |£|/e), 



which, by (2.28) satisfies 

\Djat(r,x,y,0\ < C N „(1 + \r\)- N \^, 



(2.30) 

for all e and every TV and 7, then, by (2.2) 
sgnp: Kf(x,y) = e 1 "™ 



_2-n 



-00 

DO 



' (±|C|-r)/ £ )2-(A + i/i)2 
af(r,x,y, |£|) 



d£ dr 



(±|£| - t-sX- iep){±\£\ -r + eX + ispb) 



dC dr. 



Since we are assuming now that \v e \ = \n(x,y)/e\ ~ 1, it follows from (2.12) and (2.30) 
that for each N £ N there must be a constant Cjv so that 



(±|£| - t-eX- ie[i)(±\£\ - r + eX + iefi) 

< C^(l + kD-^jeAl- 1 (1 + |t-| + leA|)^, 
2, then by the previous inequality and our assumption 



Thus, if we choose N > 
that eX > 1 



\Kf(x,y)\<Ce'- n (eX)-'(eX)^ 



CX 2 e 2 



which is (2.29) for this remaining case. 
This completes the proof of Theorem |2.2 



□ 



Global resolvent estimates at the unit scale 

Let us now see how our localized estimates imply the following unit scale estimates. 
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Theorem 2.5. Fix a compact boundaryless Riemannian manifold of dimension n > 3. 
Then given 5 > there is a constant C so that if 



(2.31) 
then 
(2.32) 



z = X + ifi with A, /i G R, A, > S, 



L"+2 (M) 



e C°°(M). 



L"-2 (M) 

Additionally, if we let 

X[X-6,\+S]f = ^ ^j/j 
Aj£[A-<5,A+i] 

i/ien /or /iierf < (5 < 1 we have the uniform bounds 
(2.33) ||(/-x[A-o +5 ])°(A s + z 2 )-7| 

z = X + ifx, A > 1, /x G M\{0}. 



_u < i7||/|| , 



Inequality (2.32) implies the earlier unit-scale resolvent estimates of [IT] and |21) . 
since, as noted before Proposition |2.4| yields uniform resolvent estimates for A + £ when 



Re C < 8 and |£| > 6. Also, after scaling the metric, we see that in proving (2.32 1, we 
may assume that 5=1. 



Proof of Theorem \2.5\ Let us start by proving (2.32). As we just noted, we may assume 
that 

z = A + in, A, /j, € R, A, |/.t| > 1. 
We then wish to show that there is a uniform constant C so that 

(2.34) ll/A 1 ~ 2W 

By |2~7f| , if we let 

(2.35) r x , IM (P) = (A g + z 2 )- 1 -ei oc (\,n), z = X + i», 

then we would obtain this estimate if we could establish the following uniform bounds 
for this remainder term 



IKA g + *V/ll^_<ci|/lU 



L"-2 (M) 



L"+2 (M) 



(2.36) 



IKu(-P)/|| <C||/|| , A, (i e R, A, l/xl > 1. 



To prove this, we use (2.6) to see that the multiplier that is associated to rx,/j,(P) is 
just the function 



(2.37) 



sgn/i 



(1 - p(t))e l{sgDf * )xt e- Mt costrdt. 



i(X + ifi) Jo 

Consequently, since (1 — p(t)) vanishes near the origin, if we use Euler's formula to write 
cos tr = i(e ItT + e~ ttT ) and apply a simple integration by parts argument, we deduce 
that for every N = 1, 2, 3, . . . there is a uniform constant Cm so that 

(2.38) |r A>M (r)| < C^A" 1 ^ + |A - t\)~ n + (1 + |A + r|)-"), 

t, x,n e R, A, \fi\ > l. 
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From this we deduce (2.361, since by the second part of Lemma 2.3 



\rxA p )W 



^ < a^fcA _1 (i + |a- fc|)- 3 < c. 



/c=i 



To complete the proof of Theorem 2.5 we need to prove (2.33). We could do so by 



adapting the proof of the unit-scale estimates (2.32). However, it is very straightforward 



to do so just by combining (2.32) with the spectral projection estimates of the third 
author 1241. 



2„ < C, if A > 1 and Id > 1, 



Note that, by Lemma [2. 3 1 

||X[A-5,A+<5] ° (A g + (A + in) 2 )~ 1 \ 



which, along with ( |2.32 1, implies (2.33) for A, \p\ > 1. Since the second part of Lemma 2.3 
also yields the uniform bounds 



2r» 2r» < 

L™+2 ->L"-2 



{I - X[x-s,x +S] ) ° ((A fl + (A + if)- 1 - (A, + (A + itf)- 1 ) 

A>1, fie [-1,1]\{0}, 
we therefore get (2.33), for the remaining range where fi e ( — 1, 1)\{0}. □ 



Improved global estimates from small-scale spectral projection estimates: 
Proof of Theorem 11.31 



We shall first sec how (1.13) implies (1.14). In view of Theorem 2.5 to prove (1.14) 



it suffices to just consider the case where 

(2.39) e(A) < fx < 1. 



Also, in view of Theorem 2.2 if p £ C°°(IR) satisfies 

(2.40) p{t) = 1, t < 5 Q /2, P (t)=0,t>S Q , 

then it suffices to verify that 



(2.41) 



e iXt (cos tyf^f) (1 - p(t))e-"*tft 



L"-2 (Af) 

< CXWf 



(M) 



e(A) < pi < 1. 



To use (1.13) to prove the resolvent estimates, we need the following simple lemma. 



Lemma 2.6. Suppose that < p < 1 and that p is as in (2.40). Then for every 
N = 1, 2, 3, . . . there is a constant Cn so that 



(2.42) 



{I- p{t))e-^dt 



<C n [(1 + \X±t\)~ n + p- 1 (l + p- 1 \X±T\)- N ] 
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Proof. If |A ± t| < /x, the result is trivial. So we may assume |A ± r| > /i. If we then 
integrate by parts and use Leibnitz's rule, we find that the left side of (2.42) is majorized 

by 



|A±- 



-N 



E 

j+k=N 



dt k 



(1-P(*)) 



dt. 



If fe 7^ 0, the summand is dominated by the first term in the right side of (2.421, in view 
of (2.40). For the remaining case where j = N and k = 0, it is clearly dominated by the 
second term in the right side of (2.42). □ 



Proof of Theorem 1.3 To show that (1.13) implies (1.14) we need to verify (2.41). By 
Lemma 2.6 the operator in the left side of this inequality is of the form 

oo 

^mx,n{Xj)Ejf, 

3=0 

where for every N = 1,2,3,... there is a constant Cjv so that for < /i < 1 



<C N (l + \\-\j\)- N + n- 1 (l + f i- 1 \\-\ j \ 

ji constant C 
A > 1, e(A) < n < 1, 



Since our assumption (|3.2|) implies that there is a uniform constant C so that 

<CAm||/|| - 



E 

|A-Aj|<^ 



£n-2 ( M ) 



(M) 



(2.41 ) follows from the proof of Lemma 2.3 



To prove the converse, we note that if (1.14) were valid, then we would have the 
uniform bounds 



(2.43) e(A)A XX(A? - A 2 + e{\ff + (2e(X)X) 2 y 1 E j f 

3=0 

due to the fact that 

4ie(X)X 1 



< C\\f\\ J2^ , 

L^(M) ~ " N L"+2(M)' 



1 



(A 2 -A 2 + £ (A) 2 ) 2 + (2e(A)A) 2 A 2 - (A + ie(X)) 2 \] - (A - ie{X)f 
This and a T*T argument in turn implies that 



As 



|E(( A ? - A ' + e W 2 ) 2 + (2e(A)A) 2 )-^,/ 

3=0 



1 



<C||/|| . 



^MXjX ((A 2 - A 2 + e(A) 2 ) 2 + (2e(A)A) 
orthogonality and the preceding inequality imply that 



2 >Yq( £ ^ X ) 



if \X-Xj\ < e (A), 



(2.44) 



E *s 

|A^-A|< E (A) 



< Cje(X)\ 11/11 2» 



Since by another T*T argument (2.44) is equivalent to (1.13), the proof is complete. □ 
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3. Saturation of certain resolvent norms. 



In this section we shall prove Theorems 1 1 . 1 1 and 1.2 For each it will be convenient to 
use the following simple lemma. 

Lemma 3.1. Suppose (3 G Cg°(R) satisfies 

/3(t) = 0, ri [1/4,4]. 

Then ifl<q<r<oo, there is a constant C = C(r, q) so that 

(3-1) \W(P/X)f\\ Lr(M ) < CX<-^\\f\\ Lq(M) , A > 1. 



We remark that by using the lemma we can verify our assertion that if (1.9) is valid 
for some finite exponent then it must be valid for p = oo. We just choose a (3 as in 
the lemma satisfying j3(r) = 1 for t 6 [1/2,2]. It then follows that for large A we have 
X[A-s(A),A+e(A)] = P{ p /^) ° X[A-e(A),A+s(A)] ° P{P/^) and so applying the lemma twice 



with exponents (q, r) being equal to (p, oo) and (l,p/(p— 1)), where p as is in ( 1.9 ) yields 

X[A- £ (A),A+e(A)]llL 1 (Af)^i D °(Af) < CA f ||X[A-e(A),A+e(A)] I 



'LP- 1 (M)-*Lf(M) 



Since if a(p) is as in (1.8), we have cr(p) +2n/p = (n— 1) = er(oo), we conclude that (1.9) 
implies that 

IIX[A-e(A),A+e(A)]llL 1 (M)-i-L°°(M) < C"e(A)A™ _1 , 

as we asserted before. 



Proof of Lemma \3J\ Let K\{x, y) denote the kernel of (3(P/\). Then the proof of The- 
orem 4.3.1 in [25] shows that for every N = 1,2,3,... there is a constant Cm which is 
independent of A so that 

\K x (x,y)\<C N X n (l + Xd g (x,y))- N , A > 1. 

Consequently, (13. ll follows from an application of Young's inequality. □ 



Proof of Theorem \l.l\ Since ( |1.11[ ) is a special case of Theorem 1.2 we shall only prove 
the second assertion in the theorem 

Let us start by handling the sphere with the standard metric. We need to see that if 
C = (A + ipL) 2 with A > 1 and |ju| < 1 then 

||(A S . + (A + i /i) 2 )- 1 || i ^ (sii) __ +i#2(sn) w (dist(A + ^ M ,Spcc v /-As>0^ 1 , 

since the bounds for the remaining cases are a consequence of Theorem|2.5|and Lemma[2.3| 



We also know from ( |2.33| ) with S = 1/10 that if dist(A, Spec^-Ag™) > 1/10 then 
(As" + (A + ip) 2 )^ 1 is bounded with norm independent of A and /i. Since the spectrum 
of \/— Asn is {y / k(k + n — 1)}, k = 0, 1, 2, ... , the remaining case which we need to 
handle is where for some large ko G N we have |A — \/ko(ko + n — 1)| < 1/10 and then 



by (2.33), we need to show that 
(3-2) ||x[a-i/io,a+i/io] ° (As« + (A + i/i) 2 ) -1 



L n+2 (5>.)_s.L™-2 (S") 

\/fco(fco + n - 1) - (A + ifi) T , if \n\ < 1, and A > 1. 
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Because \/fco(fco + n— 1) is the unique eigenvalue lying in [A — 1/10, A + 1/10], it follows 
that X[A-i/io,A+i/io] j us t equals the projection operator, H ko onto the space of spherical 
harmonics of degree fco- Thus the operator occurring in the left side of (3.2 1 is just 

(-k (k + n - 1) + (A + iii) 2 )~ l H ko . 
It was shown by the third author in [23] that 

\\Hk„\\ 2- -k 1 ' 2 , 

and since, by a TT* argument, we know from this that the L"T3 (5*™) — > L™=? (S n ) norm 
of H ko is comparable to k , we conclude that the left side of ( |3.2[ ) is comparable to 

| - k Q (k + n - 1) + (A + iM^T 1 k o- 

Finally, since, by our assumptions, for large A and for < 1 this is co mpar able to 
| yfcopto + n — 1) — (A + we have proven the second part of Theorem |l.2| for the 

sphere. 

Let us now handle the case of Zoll manifolds. These are manifolds whose geodesies are 
all periodic with a common minimal period, which we may assume to be equal to 2tt after 
possibly multiplying the metric by a constant. Then, by a theorem of Weinstein |35) . 
there is a constant a = a^j > so that all of the nonzero eigenvalues of — A g cluster 

around the values (k + a) 2 , fc = 1,2, 3, Specifically, for each k there is a cluster of of 

dimension d k ~ fc n_1 of eigenvalues A 2 , ■, j — 1, 2, . . . ,df. for which \(k + a) — Aj,j| < A/k, 
k = 1,2,3,... for a fixed constant A, and all of the nonzero eigenvalues of — A g are in 
one of the clusters. 

Repeating the arguments for the sphere, we need to show that if A ^> 1 and for some 
fc e N we have \X-(k + a)\ < 1/20, then 

(3-3) ||x[a-i/io,a+i/io]° (A 9 + (A + i/i) 2 ) _1 || L ^ {M) ^ L ^2 (M) ~ l(fc + a)-(A + iM)r\ 
assuming that < 1 and, because of the additional assumption in the Zoll case, 
(3.4) \\ + i(x-(k + a)\>C/k, 

with C being a constant depending on the constant A for the spectral gaps. 



By the argument in the remark following Lemma |3.1| this would follow from showing 
that under the above assumptions 

(3.5) fc-("- 2 )|| X [A-i/io,A + i/io]o(A 9 + (A + z/i) 2 )- 1 || L1(M) ^ Loo(M) a |A + * M - (k + a)\-\ 



assuming (3.4) with C sufficiently large. Since |A — (k + a)| < 1/20, it follows that if A 
is sufficiently large then A; </ [A — 1/0, A + 1/10] unless I = fc. Therefore, assuming A is 
sufficiently large, it follows that if {e k j(x)}, j = 1, . . . , d k is an orthonormal basis of real 
eigenfunctions for the cluster, then the kernel of the above operator is 

3 = 1 
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Since the L 1 (M) — > L°°(M) norm is the supremum of the kernel, we deduce that the left 
side of (3.5) majorizes 



fc-(«-2) 



^(-A| J + (A + ^) 2 )- 1 | efej ( 3 



Let z Q = (-(k + a) 2 + (A + z/i) 2 ) -1 and Zj = (-X 2 kJ + (A + i^) 2 y\ j = 1,2,.. .,d k . 
Then since \Ak.j — (k + a)\ < A/k, it follows that if the constant C in (3.4) is fixed to be 
sufficiently large, then \zo — Zj\ < ||zo|, J = 1,2,..., d k . As a result, the left side of (3.5) 
dominates 



\-(k + a) 2 + (A + iiifr 1 ^^ J2 \e kJ (x)\ l 



j'=i 



> 



|-(fc + a) 2 + (A + z/i) 2 |- 1 fc-("- 2 ) 
Vol ff (M) 



J = l 



= | - (fc + a) 2 + (A + i M ) 2 r 1 A;-( n - 2 )rf fe /Vol 3 (M). 

Since d k ss fc"- 1 and \ -{k + a) 2 + (A + i^) 2 | _1 ps fc _1 |(A + i/i) - (fc + a)!" 1 , we conclude 
that the left side of (3.3) dominates the right side. Since a similar argument using the 
second part of Lemma|273| implies the opposite inequality, the proof is complete. □ 



Proof of Theorem \l.S\ We need to show that if there is a sequence r k — > oo and e(r k ) \ 
with e(r k ) > and 



(3.6) 
then 
(3.7) 



(einK-Y 1 [N(r k + e(r k ) - N(r k - e(r k )-)] 



(A, + tI + iT k e(T k )) 1 \\ J2n_ _2n_ 

V 9 k y " " L ™+ 2 (M)— >L "~ 2 (M) 



oo, 



We know from ( |2.33| that {I - X[ Tk -i,r k +i]) ° (A s + r 2 + i-r^Tfe))- 1 has L-+ 2 (M) 
orm bounded by a uniform constant, 
ow that 

\X[r k -i,r h +i] ° (A s + r| + iTfee^fc))" 1 ! 



L n ~ 2 (M) norm bounded by a uniform constant. Consequently, we would have (3.7) if 
we could show that 



'L"+2 (M)->L"-2 (M) 



OO. 



Arguing as in the remark following Lemma |3.1| shows that the operator norm in the left 
is bounded from below by cr k 2 ^ times the L 1 (M) — > L°°(M) operator norm for some 
positive constant c. Consequently, we would be done if we could show that 

( 3 - 8 ) ^r ( "~ 2) ||IX[A-i,A+i] ° (A g + r| +^ fc £(T fe )r 1 || L i (M) ^ i oo (M) — ► oo. 
The kernel of the operator is 

(~ A J + T fc + ^ k e(T k )y 1 e J (x)e j {y), 

|Ai-Tfc|<l 
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and since the L X (M) — > L°°(M) norm is the supremum of the kernel, we deduce that the 
left side of (|3.8|) majorizes 



-(n-2) 
T k SUP 



|A 3 — Tfc|<l 



Since the imaginary part of (-A| +r| +ir fc £(r fe )) 1 is ~T k e(T k ) / {{tI - A 2 ) 2 + r|(e(r fc )) 2 ), 
we deduce that for large k we have 



-(n-2) I 



IX[a-i,a+i] ° (A s +rl + iT k e(T k )) 1 \\ L1 



L 1 ( M )->'i 00 ( M ) 
T k s{T k ) 



> -(n-2) , \ -v 



2 



> r. 



-(n-2) 



sup E 



T k e{T k ) 



xem — (jl - A 2 ) 2 + r 2 (e(r fc )) 2 1 J 



ej (x)\'< 



>^; ( "- 1) ( £ (r fe ))- 1 sup £ 1^(^)1 



> 



1 



-(n-1) 



10Vol 9 (M) k 
1 

10Vol s (A/) Tfc 



(^)r 1 / E M*)i 2 ^ 



|A,-T*|<e(T*) 

^(efa)) -1 [7V(r fc + e(r k )) - N(r k - e(r k )-)] , 



and since, by assumption, the last quantity tends to oo as k — ► oo, we get (3.8 1, which 
completes the proof. 

□ 



4. Improved bounds for the torus. 



We now consider the torus T™ = R n /Z™. To prove Theorem 1.5 we need to show, in 



view of Theorem |1.3[ that if e n is as in the statement of Theorem |1.4[ then 
(4.1) 



E *f 

|A-A-,|<e(A) 



<CAe(A)||/|| 2„ , e(A) = A~ £ ", A > 1. 



Writing T™ = (— | , |]™ , the eigenfunctions of V~ At« are e 27!lk ' x i k G Z n , with eigenvalues 
27r|fc|. Thus, if 



(4.2) 



/(*) 



an equivalent way of writing (4.1 ) is 
(4.3) 1 1 E /OV™*" 

{feeZ": | |fc|-A|<e(A)} 



Ln-2 (pi) 

< CA^A)!!/!!^^^^ £ (A) - A" e », A > 1. 
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4.1. Model argument for T 3 . 

As a first step, to motivate the refinements to follow, and also the arguments for the 
case of general manifolds of nonpositive curvature to follow, let us prove a weaker result 



than the one stated in Theorem 1 1 . 2 1 when n — 3, by giving a simple proof that ( |4.l[ ) holds 

l 

4 ' 



for the 3-torus when e 3 = ~, i.c 



< CX*\\f\\ a, , 

L 6 (T3) - lml I5(I 3 )' 



A> 1. 



(4.1.1) ! E if 

\\-\j\<\-i 

In order to do this, let us fix an even nonnegative function a 6 S(M) satisfying a(0) = 1 
and having Fourier transform supported in (—1, 1). We then claim that to prove (4.1.1 1, 
it suffices to see that the operators 



(4.1.2) 

satisfy 
(4.1.3) 



1 roo 

a(\i(\ - v /= AiO) = — / \-h{t/\iy tx e- u V~ A T3 dt 

27T J_ rr , 



||a(A3(A-y=A^))/|U 6(X 3) <CAt||/|| if(T3) . 



To see this, we note that if y/a(r) denotes the square root function •v/a(r), then by a 
TT* argument, ( |4.1.3[ ) would imply that 

||V5(A»(A- V /= A^))/IU-(T3) <CAl||/|| if(T3) . 

Since a(0) = 1, it follows by continuity that a(r) > \ on [—(5,5] for some <5 > 0, and, 
therefore, by orthogonality, the preceding estimate implies that 



|A-A;,|<5A~s 

After adding up 0(S~ 1 ) of such estimates, we conclude that we may take 6 — 1. Con- 
sequently, the operator in (4.1.1) maps Ls(T 3 ) — > L 2 (T 3 ) with norm the square root of 
that posited in (4.1.1). By duality, the same is true for the L 2 (T 3 ) — > L 6 (T 3 ) operator 
norm, which gives us (4.1.1), since the operator there is a projection operator. 

To prove (4.1.3), we note that since the operators a(A^(A + y/—Aja)) are trivially 
bounded between any Lebesgue spaces with norm 0(\~ N ), it suffices to verify 



(4.1.4) 



a(t I A ? ) e lt x cos t yf-A-pf dt 



To do this, we choose an even function b g Cq°(IR.) satisfying 

b{t) = 1, |t| < 1, and b(t) = 0, \t\ > 2 
We then split the operator in ( 4.1.4[ ) as Aq + A\, where 

A f-- 



and 



Aif = 



b(t)a(t/\*)e ltx cos ty/-A T3 f dt, 
(1 - b(t))d(t/\i)e itx cost^-Ajsfdt. 
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By Lemma |2.3[ we know that 

||^0/|Ua (T3) <CA||/|| if(T3) , 

since A = a(y^A^T), where |a (r)| < C N ((1 + |A - t\)~ n + (1 + |A + t\)~ n ) for any 
N, 



To finish the proof of (4.1.1), by showing that Ai enjoys similar bounds, by interpo- 
lation, it suffices to show that 

(4.1-5) \\Aif\\ LH ^)<C\i\\f\\ Ll(J3) 
and 

(4.1-6) WAJU^ <CAi||/|| L1(T 3). 

To prove the first estimate, we note that A\ = a\{^J— Ajs), where 

\<*i(t)\ < C N \i ((1 + |A - t\)- n + (1 + |A + t\)~ n ) 

for any N. Consequently, ( 4.1.5[ ) follows from the second part of Lemma 2.3 as cr(4) = | 
when n = 3. 



To prove (4.1.61, we need to show that the kernel of Ai is O(Ai). To do this, we shall 
use an argument of Hlawka [T5] . We first recall that if we identify T 3 with its fundamental 
domain Q = (— |, 4] 3 , then 

(cost^-A T3 )(x,y) = ^2 (costv/-A R3 )(x- y + j), x,y G Q, 

jez 3 

Since, by sharp Huygens principle, (cos t\J— A^) (x) is supported on the set where \x\ = 
\t\, a(t) = for \t\ > 1 and (1 - b(t)) = for |t| < 1 it follows that the kernel K x of A\ is 



K^y) = (2n)- 



E 



A*-v+jH(l _ b{t))a(t/\i)e ltx cost|£| d£dt. 



|i|<A4+l 

k-y+j|>i 



Therefore, in order to show that \K\(x,y)\ < C\? and thus obtain (4.1.6), it suffices to 
show that for x,y £ Q we have 



(4.1.7) 



E 



|i|<Al+l 
\^-y+j\>l 



R3 



A"-v+jH(l _ b{t))a(t/\i)e ttx cost|e| dfcfe 



< CA5. 



If we replace (1 — b(t)) by 6(i) then, by Huygens principle, all summands with \j\ > 10 
vanish since b(t) = for \t\ > 2. If then *&\(t) is the Fourier transform of t — > b{t)a(t / \*) 
then, by Euler's formula, the resulting nonzero summands equal 

\ f e ^-^' ) - e (*A(A-iei)+*A(A+iei))rfe, 



and since the ^\ belong to a bounded subset of S(M) for A > 1, by ( 2.14 )-( 2. 15 ) , each 
of these is O(A), which is better than (4.1.7). Thus, it suffices to show that if in each 
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summand (1 — b(t)) is replaced by 1, then the bound still holds, which is the same thing 
as showing that for x, y € Q, we have 



E 1/ e^-y+»<\i[a(\l(\-\0)+a(\i(\ + \Z\))]dt 



< CA5. 



\]\<xi+i 
\x-y+j\>l 



If we use (2.14)- (2.15) again, we find that each summand is bounded by a fixed multiple 
of A(l + IjIT^ which of course implies (14.1.71) as 

E (i + liir 1 ^^. 

{jez 3 : |j|<Ai} 



This completes the proof of (4.1.1). The same argument works in higher dimensions 
and yields 



(4.1.8) 



V EJ 2 „ < CAA-stt 11/11 ^ 



| A — Aj |<A i+l 



i.e., (4.1 ) with e„ = In this case one would use an interpolation argument involving 



2(n + l) 2(n + l) 

L ™+ 3 — > L »-i and, as before, L 1 -> L° 



4.2. Improved restriction estimates for T 3 . 

To get the improvements over these results that are stated in Theorem |1.4| we shall 
have to improve the estimates that arise in the interpolations. Let us start out by first 
handling the 3-dimensional case and then turn to the case of T™, n > 4 in the next 
subsection. 

The most significant improvements over those just obtained earlier (with £3 = |) 
will come from improving the Ls(T 3 ) — > L 4 (T 3 ) estimates used in the interpolation 
arguments. To obtain these we first require an estimate of the first author and Guth [7J 
(see also which involves the Fourier extension operator for the sphere S 2 C M 3 (or 
any compact smooth positively curved hyper surf ace), which is given by 

Tf(x) = [ e ix -"f{u)do-(u). 
Js 2 

The estimate that we require then is the following (see p. 1259 in [7J) 
Lemma 4.2.1. Let R^> 1 and ^= < 5q < 1. For x 6 Br, we have 

(4.2.1) \Tf\ < e / R e ' E [ E (<l>r\TfrA 1/3 \Tfr 2 \ 1/3 \Tf T3 \ 1/3 ) 2 ] 1/2 

S dyadic r 8— cap 
So<S<l 

(4.2.2) E (^|r/ T |) 2 ] V2 , 

r (5o cap 
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where f T denotes the restriction of f G L 2 (S 2 ,da) to r C S 2 and 
(4.2.3) 

T i7 T 2,72 C r are 3 transversal (in the sense of pjj — — caps (with K a large constant) 

K 

(4.2.4) For each r, T > is a function on R 3 satisfying 

,4 



(4.2.5) 1 <^«i? e 

Jq 

for all Q taken in a tiling ofM 3 by translates ofr, the polar of the convex hull of t . Also, 
here fg denotes the average over Q. 

In the above Br denotes the ball of radius R centered at the origin, and < £ / denotes 
inequality with a constant depending on e 1 . Also, the polar of a 8 1 / 2 x S 1 ^ 2 x <5 rectangle 
with short side of length S pointing in the v g S 2 direction is the J" 1 / 2 x <5 -1 / 2 x <5 _1 
rectangle centered at the origin with long side pointing in the same direction. Finally, 
R » 1 will play the role of A in (4.1) or (4.3|, and we have decided to use this parameter 
instead of A since this was the notation used in [7], [5] and [6] and we need to use results 
from these works. 



Since the Tf T may be essentially be viewed as constant on the r-tiles and (4.2.5) is 
valid we get 

Lemma 4.2.2. With the above notation 



(4.2.6) \\Tf\\ LHBR) < e ,R*' [ E \W T fr 1 \ 1/3 \Tfr 2 \ 1/3 \Tfr 3 \ 1/3 \\l, {Bl 

S dyadic rS—cap 
$o<8<1 

(4-2.7) J2 W T fr\\h(B R) 

r <5o — cap 

Next, parabolic scaling and the trilinear L 3 -inequality from Bennett, Carbery and 
Tao gives 

(4.2.8) || |T/ T jV3| r/r ji/3| T/r3 |i/3 s , R e' S -^ mL2 , 
Therefore, by interpolation of L 4 between L 3 and L 6 

(4.2.9) lllT/^l^iT^iVSiT^ii/a^ 



' 1 1/6 



<e< R £ 'S-^[l[\\Tf Tl \\ L e {BR} ] ||/| 



i=l 



li 2 (Sn)- 



Fix a subset C S 2 (which is a union of O(-^)-caps). For a spherical cap r C S 2 , we 
denote 

(4.2.10) B p (T)=max{\\Tf\\ LP{BR y. supp/cmfiand \\f\\ L 2 {d(7) < l}, 
and for S > 0, let 

(4.2.11) B P (S) = max B p (r). 

t <5— cap 
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Then, by (4.2.61, (4.2.7) and (4.2.9) we clearly have the following 
Lemma 4.2.3. With the above notation, for So < 5 < 1, 



(4.2.12) 



Bi (5) < e > R e Bi (S ) + R £ max S, 6 -B 6 (<5i) 5 ■ 

{Si:So<5!<S} 



As we shall see in the next subsection, similar manipulations are possible in higher 
dimensions. 



To prove estimates for the torus, T 3 = {—\, ^] 3 , we need to reformulate (4.2.12) for 
the sphere of radius R, RS 2 C K 3 (using the same notation). So we now fix f2 C RS 2 a 
union of 0(l)-caps and define for p < R 

(4.2.13) B p (p)=m^{\\Tf\\ LP{xe( _ lm : supp/CrHfi, \\f\\ LH RS*) < 1 }■ 
Then from Lemma |4.2.3| and scaling, we obtain the following 

Lemma 4.2.4. With the notation (4.2.13), we have for \^R < pa < p < R 

(4.2.14) B 4 (p)< e , R £ ' B^po) + R*+ 6 ' max p^ B e ( Pl )i . 

{pi: po<pi<p} 



Fix < e « 1. Then if r C RS 2 is a p-cap, p > ^/R, let us set 



A e {t) = {x e M 3 : Rt-t e t, \x\ G [R-e,R + e]}. 



Let us also fix a nonnegative function (3 £ C X '(M.) with j3(s) = 1 for \s\ < 1/10 and 
/3(s) = for \s\ > 1/4, and let 



(4.2.15) K^(t) = K p (t) 



max{|| Yl P(e-\\k\-R)) 
feez 3 nA e (r) 



a k e 



ik-x 



\Lp(T 3 



and 

(4.2.16) 
If 



K^(p)=K p (p) = max K p (r). 

^ r p— cap 



£ e = {k e I 3 : \R- \k\ | < e}, 



then if we let fl as above be 



(4.2.17) 



1 



fi = { x e RS 2 : dist (x, £ e ) < — } 



it follows from (4.2.14) that for v R < po < p < R we have 
(4.2.18) K 4 (p) < e , R £ 'K 4 {p Q ) + R e 

ipv Po<Pi<pj 

To see this, we note that if / denotes the restriction to RS 2 of 



max p 1 6 K 6 (p 1 )z. 

{Pi: Po<Pl<P> 



E /3(^ 1 (|fc|-i?))/3(100|y-fc|)a fe 

feez 3 nA e (r) 
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then for x G [— ~, |] 3 , 

Tf(x) = o i (k,x)f3(e- 1 (\k\ - R))a k e lkx , 

fcez 3 nA E (T) 

where |a(fc,s)| s» 1 and D J a(k,x) = O(l). 

To estimate K p (p) it is convenient to involve a comparable quantity involving smoothed 
out multipliers. Specifically, if p C RS 2 is a p-cap with center lu t E RS 2 , let us define 
for / e i 2 (T 3 ) 

(4.2.19) TJ = Pi^HlM - R)Mp- 1 \k - u T \)f(k)e 2 ^ x . 

fcez 3 

If we then put for p > 2 

KpHp) = Kp(P) = max ll T r IU 2 (T3)^Lp(T3), 

T p — C3,p 

then the simple orthogonality arguments used before yield 

(4.2.20) K p (p) « 



If 

and we let 



m T , £ (0 = (/3( £ - 1 (|e|-W(p- 1 (|e-^|))) 2 , 



M/(ar) = ^ m T , e (k)f(k)e 2 ™ k -\ 
fcez 3 

then of course 

(4.2.21) OMt)) 2 = llMU^a^^, 

where p' = p/(p — 1). To estimate M, we split it into two parts in a similar way to how 
the operator in (4.1.21 was split into Ao + A\. In this case, let us fix a Cg^M 3 ) bump 
function rj supported in the unit ball satisfying J„ 3 r\ = 1. We then put 

M / = £ ml E {k)f(k)e 2mk -\ 
fcez 3 

where 

m° e (0 = (m T , e *r ? )(0. 
We then can estimate the Ls(T 3 ) — > L e (T 3 ) norm of M as follows 

(4.2.22) ||M|| H6 < ||M ||^ 6 + (||M|| f ^ 4 + || M || f ^ 4 ) 1 \\M - M |lLcx>- 
From Lemma [2~3l we deduce that 

(4.2.23) ||Mo|||^ 4 < e .R 1 /2 5 

and interpolation with || Af"o]|i— >-oo ^ £ P 2 gives 

(4.2.24) ||Mo|||^ 6 < £i?sps. 

To evaluate the last factor in ( |4.2.22[ ) we note that 

\\M Mollis = || £ (m T , £ (fc) - m°, e (fc))e 2 - fe -|| ioo(T3) . 

fceZ 3 
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Taking x £ [— ~, |] 3 , Poisson summation gives 



^K £ W-m» £ (fc))e M - 



fcez 3 



where here for g e 5(M 3 ), <?(£) = / R3 e 2t " x '^<?(x) dx. Consequently, 
(4.2.25) ||M- Mollis 

< SUp |TO T:e (x)| |1 - 77(£) | + SUp ^ |(TO r;£ 7})(fc + x)| 



1 113 
2 > 2J 



^ehs'lP |fc|>o 



SUp ^ |"V e (fc- 



zel-3,5] 3 |fc|>o 



Recall that p > \/R, therefore, by using stationary phase, one finds that for every N = 
1,2,3,... 



(4.2.26) 



\m T , E (y)\ < C N j^ (l+e\y\ 



-N 



which implies that the first two terms in the right side of (4.2.251 are 0(sR), since 
t)(0) = 1. To estimate the third term in the right side we note that there is a constant A 
so that if C is the conic region with vertex at the center uj t of r and angle A^, then for 
every N = 1, 2, 3, . . . we have 

„2 



(4.2.27) 



lr,e(v)\ < C N Sp 2 (l + ^ll/ 



-N 



which, together with (4.2.26) means that rh Tje is essentially supported in B ,i\ fl (CU 

B , r ). Using these two bounds we find the third term in the right side of (4.2.25) is 

. '" z . 

majorized by 

2 



-V 

eR) 



eR. 



eR \k\- 1 0- + e\k\T*+ep 2 Y^0- + P 2 \k\/R)~ i SeR{ 

If we combine this with our earlier estimates for the first two terms in the right side of 
(4.2.25), we conclude that 



(4.2.28) 



|M- M || 



< eR 



eR' 



Thcrfore, by (4.2.23), (4.2.241 and (4.2.221, we have 



I Ml 



> 6 < eRh 1 + (||M|||^ 4 + eRiy (eR + 



implying by ( |4.2.20| ) and ( |4.2.2l[ ) that 

2 

(4.2.29) K 6 (p) < y/iR$p$ + (K 4 (p) + Ve~R*)~ 3 ^R+j£)"- 

Also, since ||M - M || 2 ->2 = 0(1), by using ( |4.2.23[ ) and ( |4.2.28[ ) we find 



|M|U_> 4 < ||M ||«_> 4 + ||M - A/ollf^oo < sR-* + (e*R* + 



(eR): 
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and, therefore by ( |4.2.20| ), 
(4.2.30) 



Set pa = (f )a. From ( |4.2.30[ ), we obtain 

(4.2.31) K A {p) < £ii?i+ forp^po, 
provided that 

(4.2.32) £>R-^. 



In order to prove that (4.2.31 1 holds for all p, we combine (4.2.18) and (4.2.29). Denoting 

& 



K 4 = K[ E) (R), it follows that 



(4.2.33) K A < £ii?J+ + i?5+ m ax p,*\e*R&p\ + kUe& R^ + Pl ; )j 

pi>po I (e:i?)T2 J 



< + if| ((ei?)5 + + (-) A + 



and hence, by ( |4.2.32[ ), 
(4.2.34) 
as claimed. 

Since K4 — is obviously an increasing function of e we have the following 
Lemma 4.2.5. 

(4.2.35) K ( 4 e) <e^R^ + if s > R~i 

(4.2.36) K^ ] <R7- + ifs<R~k 

Remarks: 

(i) Considering R £ Z and the points 

(zi,z 2 ,i?) € Z 3 : max(|zi|, |z 2 |) < T^^^j C C e 

shows th at (|4.2.32 1 is essentially optimal. 

(ii) Possibly (4.2.35) holds for all e > ±. Note that if we assume R 2 G Z 



(4.2.37) 



4^ -max J || J] a 5 e^|| 4 , ]T |a c | 2 < 1 I « i? 0+ , 

I \i\ 2 =R 2 J 

since for z € -Bh the number of representations 

{(£,77)eZ 3 xZ 3 ;|£| = |ry|=i?,£ + ry = 2z} 

amounts to the number of lattice points in a planar section of the i?-sphere, which 
is bounded by R £ (see §2 in [5]). 
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Applying (4.2.22) with r = RS 2 it follows from Lemma 4.2.5 (4.2.23), (4.2.24) and 



( |4.2.28[ ) that if we set 

Mf = M e f = Y, (Kz-\\k\ - R))?f(ky k -\ 

then 

(4.2.38) ||Af B || 6^ 6 < eR + R 0+ (e^Ri + R^)\\M - A/ ||Loo 



Rt 



<eR + (e5i?5 + R°) — — < eR, 

£3 



provided that e > R 3+. Consequently, we have (4.3) for n = 3 with e(A) = A 3 + , 
which improves our earlier results of A~ s . 

We can make a further improvement of what was done in the last step by a less rough 
evaluation of ||M — MoHi-^oo- Fixing x € [—4, ij 3 , Poisson summation leads to bounding 
exponential sums of the type 

E iR\j+x\ 
i r- 

jeZ3,o<|j|<i 

Breaking up summation ranges, we need to evaluate for M < | 

1 

M 



(4.2.40) 



E 



jiSli, 



with Ji x 7 2 x ^3 C Bm\Bm a cube of size Hence, fixing one of the variables, say, 

j 3 , and making a coordinate change (juh) ~> 0'i +32,h) or C7W2) (ji,j2 + ji) if 
needed, we get 



(4.2.41) j e if( - jl ' h 

where I? is a quadrangle such that \ji\, |j2| ~ M for (ji, J2) G 2? and /(a,/3) is one of the 
functions 

i?[(xi + a) 2 + (i 2 + 0? + (z 3 + is) 2 ] * 

+ a - (3) 2 + (x 2 + (3) 2 + (x 3 + j 3 ) 2 } * 



21 i 



R[( Xl + a) 2 + {x 2 + l3- a) 2 + {x 3 + j 3 ) 

At this point, we may invoke the exponential sum bound (stated as Lemma 2) in the 
paper |12j . the above function / satisfying the required conditions (with /\ = R and any 
k). 



It follows that 



(4.2.42) (4.2.40) < log RM 2 ( 



M k+1 



for any k € Z+. 



Since (|4.2.42|) is increasing in M, it follows that 

1 , . , L. 

(4.2.43) ' 1 •> •■*<!> pi.... n -1 + h 



(4.2.39) < R\ogR-{Re k+v )™ k -> for any k € Z 4 

e 
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which bounds \\M — A/ 1 1 1^ 



Taking k — 3, substitution in (|4.2.38|) gives 
(4.2.44) 



MJIa^R < eR + R^ + h + ih+£-i + ws < E R for e > R~M 



1 1 a— 5-6 



hence we have (4.3) for any e 3 < ^ 



E /(jV"** 

{fceZ 3 : | \k\-R\<e)} 



85 



< Cei?||/|| 6 , , . for e > R~^ + , — = 0.337. 



which is the first part of Theorem 1.4 



4.3. Improved restriction estimates for T", n > 3. 

Let n > 3. We require the following result which follows from the arguments in §3 and 



§4 of 7 which is a higher dimensional version of Lemma 4.2.1 



Lemma 4.3.1. Fix 3 < k < n. Let R ^> 1 and -7= < <5q < 1- On Br, we /iaue 



(4.3.1) 



(4.3.2) 



\Tf\<e>R e ' E 



(5 dyadic 
<5 <<5<1 



e (^ni r ^i* 



r (5— cap j — 1 



E (^\Tfr\y 

r 5o — cap 



forfe L 2 {S n -\da), whe 



(i) Ti, . . . ,Tfc C r are k-transversal caps of size p; 

(ii) for eac/i t, ()) T > is a function on M. n satisfying 



(4.3.3) 



2(fc-l) 



for all Q taken in a tiling o/K™ by translates of t. 
We choose k such that 



thus 
(4.3.4) 



2(fc-l) 2(n + l) 2k 
k-2 ~ n-1 > k - 1 



n + 1 , n + 3 

— ^ — < A; < — - — . 



We may then state the analogue of Lemma 4.2.2 denoting po = 2 ^™-P iV\ = TT^i then 
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Lemma 4.3.2. 



(4.3.5) \\Tf\\ LP0(BR) < e ,R s ' 



S dyadic 
5 <S<1 



e in™* 

r 6— cap j — 1 



(4.3.6) 



R £ 



E \\Tfr 
r 5o — cap 



2 

Lpo(B r ) 



i2 

\l»o(B r ) 



From parabolic rescaling and the fc-linear inequality from [2] we have 

k 

(4.3.7) 



n\Tfr-\m 2, < e , Rf'S^Sr- 1 . 

3=1 



Interpolating L Po between L fc -! and L Pl gives 



3 = 1 



3 = 1 



with 
(4.3.9) 



__2 l 

n+l k 



2 1 

n k 



Using same notation, Lemma [4. 2. 3| becomes 
Lemma 4.3.3. 
(4.3.10) 



B P0 (5) < R 0+ B po (S ) + R 0+ max 6, - B Pl (6,) 

da<Si<5 



Rescaling, we get for caps on RS n 1 
Lemma 4.3.4. 

(4.3.11) B P0 (p) < R 0+ B po (po) + R^- e ^-^ )+ 



max p x "B Pl (pi_) 

P0<Pl<P 



Inequality (|4.2.18|) becomes 
(4.3.12) 



K po {p) < R°+ K po {p ) + R 
Let us distinguish between the cases where n is odd and even 



max p x n K pi (p x ) b 

PO<Pl<P 



• n is odd. Then k = =±=, 



§ • and (4.3.121 gives 



(4.3.13) K pa (p)<R 0+ K po (po) + Re + max p x 3( " +1) K P1 (jn)*&+V . 

Pa<P\<P 



• n is even. Then k = § + 1, 



2(ra+l) 



and 



(4.3.14) K po (p)<R 0+ K po (p ) + RM^ max p x 2< " +1) K Pl ( Pl )^+V . 

Pa<Pi<P 

We will use Proposition 1 from [5], which gives, after rescaling 
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Lemma 4.3.5. Let 1 <C p < \fR and {r a (p)} a partition of RS n 1 in cells of size p. 
For r > C(x)j^ and q = ^rj: one has the inequality 



(4.3.15) 



, ^WeII/ 9®****°* 



T '< 



where denotes L q (rj(^) , dx) , where < r\ < 1 is some rapidly decreading bump 
function on K™. Also K > is an arbitrarily small, fixed constant. 



Exploiting Lemma 4.3.5 in the content of lattice points requires the following simple 
observation that was also crucial in [5] 

Let p = £5.R5 + in Lemma 4.3.5 so that we may take r = o(A). Let £' £ C RS n ~ 1 
be a collection of points obtained by e-perturbation of the points of C £ C Z". Applying 
(4.3.15) in a discretized version gives 



(4.3.16) 



|E a « e 

Z£C> E 



E|| E ^ 



and since |£ — £'| < e and r -C 1/e, a perturbation argument permits us to deduce from 
(4.3.16) that we also have 



(4.3.17) 



E ^ lx< 



<R ' 



Ell E 6 « e "~ii?„ 



J X < I 



for some coefficients , |&j| < \a^\ 



Now, since the functions X^e£ a x e lx '^ and X]fe£ b^e lx '^ are 1-periodic, (4.3.17) i 



equivalent to 

(4.3.18) 
Hence 



IE 



aee ix '^\\ < R 0+ 



Ell E 6 « e ' n^c, 



J X < I 



K\ e) {R) < R 0+ K ( q £) (R 0+ V^R) 
and therefore we have the following 

Lemma 4.3.6. 



(4.3.19) 



K a £) {R) ^ (eR) n ^ + , where q 



2n 



Turning to the second part of the argument, (4.2.22) gets replaced by 



(4.3.20) ||M|| pWpi < ||M || pWpi+ (||M|| p ^ po + ||M || p ,_ >po ) 1 -^)||M-M ||r 
and interpolation of L Po between L q and L°° together with (4.3.19) implies 

(4.3.21) ||M|b_ < \\M \\ p ,. po + \\M ~ M Q \\^((eR)^ +\\M \\ q ,^ q )^ 



-too 
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Next, we have 

(4-3.22) \\M \\ P ^ P0 < eR^ , \\M \\ g ,^ q < eR^ 

and interpolating with L°° gives 

(4.3.23) ||M)|U-> P1 <eR l -*p%. 

Similarly, the n-dimensional version of (4.2.26) is 

\m T , s (y)\ <C N — (i + e \y\)- N , N = 1,2,3,..., 

\y\ 2 

and, also, as before we get better estimates if y is not in a conic region C centered at the 
center of r and of angle O ( ) , namely, 

\rh T , e {y)\<C N ep n - l (l + ^\y\)- N , y $ C, N = 1,2,3,.... 
Therefore, the earlier arguments involving the Poisson summation formula yield 

(4.3.24) 



||M - Mollis <eR^ ' /; ' 



, 2 
eR 



It follows from ( |4.3.21| , ( |4.3.22[ ), ( |4.3.24[ ) that 



(4.3.25) 



\\M\\ p ^ po <eR^ 



"+ 1 n-1 

(ei?) 2 <"+D 



and from ( |4.3.20[ ), ( |4.3.22[ ), ( |4.3.23[ ), ( |4.3.24| ) 

2 

(4.3.26) \\M\\ p ^ pi < sR'-ipi + (eR^ + HMll^J 1 "^^^^ + (^)*). 
Hence 

VeR 



(4.3.27) K 



pi 



Let 
(4.3.28) 



Po 



■ E^-^R. 



K P0 (p) < e* R^+D 



It follows from (4.3.25) that for p < p n 
(4.3.29) 

Case of n odd 

From ( |4.3.29[ ), ( |4.3.13[ ) and ( |4.3.27[ ) we have 

•^po <E^R^^ + + max p7 3( " +1) ^pi(Pi) 3T ^ rr ' 

PO<Pl 



< £^2^++ £3(^17^2^++^+ maX(0i 3 <" + 1 »^ "("-D ) 3<"+l)(^l)3(^ 



Pl>PO 

1 "-1 1 1 1 (1 , 2 ) ., 2 "., 

from which we deduce that 

(4.3.30) Kpf <siR^ r > + for e > RT ^+^-3 . 



(n+l) 
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Assuming (4.3.30) and applying (4.3.26), p = R, gives 



R\± 



\\M\\ P ^ P1 <sR+ (siR^) 1 -^ ( 7 ) 
provided that moreover 
(4.3.31) 



< eR 



a(n-l) . 



which supercedes the condition (4.3.30). Thus, we have obtained the higher dimensional 



results in Theorem 11.41 in the case of odd dimensions. 
Case of n even 



From (4.3.14) we have 



RM*>+i) max p 1 



2(n + l) 7^2(n + 



I)(l- 



Pl>P0 



/'0 



I)) f Pi \ + 



< £4(^+1)^5^1)+ + i?4(^ £ -4(S+T) ^ 2 <"+!) (»-l)(n+l) 



< £4(„ + l)^2(r l + l) + + #4(n+l) £ 4(„ + l)^ 5 



which implies that 



(4.3.32) 



/ N a r»-l 2(n-l) 

S e 4< " +1) i? 2 <"+D , provided that e> R " 2 +2— 2 



Assuming (4.3.32), application of (4.3.26) with p = R gives 



I|M|| pWpi < eR + {e^R^+f-^ (|) " 
< ei?, 

meaning that we have obtained the results in Theorem |1.4| for even dimensions. 



This completes the proof of Theorem 1.4 Note that we disregarded here the additional 
savings from non-trivial estimates on the exponential sum (cf (4.2.39)), which will be 
small in above range for e. 



5. Improved bounds for manifolds with nonpostive sectional curvatures. 



To prove Theorem |1.5[ in view of Theorem |1.3[ our task is equivalent to showing 
that if (M, g) is a fixed compact manifold of dimension n > 3 with nonpositive sectional 
curvatures then 



(5.1) 



Hi 



E 

-A|<l/logA 



<C(logA)- 1 A||/|| 2^ , A>1. 



This is a special case of a recent unpublished estimate of Hassell and Tacey, which is an 
L p variant of earlier bounds of Berard [3]. For the sake of completeness, we shall present 
a proof which is based on a slightly different interpolation scheme than the one employed 
by Hassell and Tacy. 
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Let us now present the proof of (5.1). If, as in (4.1.2), a € S( 
function satisfying a(0) 



is an even nonnegative 



(5.2) 
To do this, as in 



1 and supp a C (—1, 1), then by the proof of (4.1.1 1, we would 

e determi 

<CA||/|| 



obtain (|5.1|) if we could show that for a small hxed e\ to be determined later we have 
a(t/e 1 log A)e itA cos ty/-A g f dt 



4.1 



we choose an even function b g C^°(]R) satisfying 
b(t) = 1, \t\ < 1, and b(t) = 0, |i| > 2. 



If we then, exactly as we did in the beginning of § |4.1[ split the operator into two parts, 
Aq and A\ where we multiply the integrand by b(t) and (1 — b(t)), respectively, then just 



as before A satisfies the analog of (5.2) by virtue of Lemma 2.3 



Consequently, for the proof of (5.2), we are left with proving that for appropriate 
£i > 

/•DO 

(l - b(t)) a(t/eilogA)e 4tA costy/-A g f dt. 



satisfies 
(5.3) 



<CA||/|| 2„ 

f(Af) ~~ 11 n L"+2(M) 



We can even do a bit better than this, by interpolation, if we can show that given 5% > 
we can choose £\ > small but fixed so that we have 



(5.4) 

and 
(5.5) 

for, together, if 5± < 
of A in the right side. 



\Aif\\ 2 ( „+i) < CA-+i logAII/H 2 ( „+i) 

L «-i (M) L ™+3 (M) 



\Mf\\ 



L°°{M) 



< CAV+<5i||/| 



Li(M), 



they imply an improvement of (5.3) involving a smaller power 



Repeating the proof of (4.1.5) shows that (5.4) follows immediately from Lemma 2.3 



a(p) there equals when p = 
if we could verify (5.5). 



_ 2(n+l) 
1 



Therefore, the proof of (5.1 ) would be complete 



To prove this inequality, we shall use the fact that, like for T™, because of our assump- 
tion of nonpositive sectional curvatures, there is a Poisson-type formula that relates the 
kernel of cos tyf— A g to a periodic sum of wave kernels on the universal cover of (M,g), 
which is M™. If p : R" — >• M is a covering map, we shall let g denote the pullback of g via 
p. If Ag denotes the associated Laplace-Beltrami operator on the universal cover (R n ,g), 
the formula we require is 



(5.6) 



(cos t^-A g ) (x, y) = ^2 ( cos V~ A s) ( x ' 72/), x,yeD, 



where D C R" is a fixed fundamental domain, which we identify with M via the covering 
map p, and L denotes the group of deck transformations for the covering. The latter is 
the group of homeomorphisms 7 : R n — > R™ for which p = p o 7, and jy denotes the 
image of y under 7. Note then that if (M,g) = (M™,<?), then M ~ M/T. 

To use this formula let us first note that, by Huygens principle, (cos t^J—Ag) (x, y) = 
if dg{x,y) > t, with d~ g denoting the Riemannian distance with respect to the metric g. 
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Consequently, since a(t) = for \t\ > 1, in order to prove (5.5) it would be enough to 
show that for x, y £ D we have 



(5-7) £ 

{7er:dg(x,7y)< ei logA} 



(1 - 6(t))a(t/e 1 logA)e I * A (cosiy^A^)(a;,7 2 /)^ 



Since (M 11 ,^) has no conjugate points, following Berard [3], we can use the Hadamard 



parametrix for large times to prove estimates like (5.7). We no longer have uniform 
bounds on the amplitudes as we did in (2.27) and (2.28) for short times. On the other 



hand, for \t\ > 1, by writing the Fourier integral terms in the Hadamard parametrix in 
an equivalent way to those in [3j (cf. e.g., [37], Remark 1.2.5), we see that if g is as above 
then there is a constant Co = Co(g) > 0, which is independent of T > 1 so that 



(5.8) 



(cosiy=A^(x,y)=]T / a^x^De^^e^d^ + R^x^), 



where, as before, k(x, y) denotes the geodesic normal coordinates (now with respect to 
5) of 

(5.9) 



g) of x about y, but now (2.28) has to be replaced by 
d? d k 



dP dr k 



a±(t,x,y,r) 



<A jk e c ° T (l + r)- k , 



if 1 < |*| < T, r > 0, and j, k € {0, 1, 2, . . . }. 

The remainder term can be taken to be continuous, but it also satisfies bounds that 
become exponentially worse with time: 

(5.10) \R{t,x,y)\ < Ae CoT , if 1 < \t\ < T. 

To use these we shall require the following simple stationary phase lemma. 
Lemma 5.1. Suppose that a(t,r) g C°°(IR x K + ) satisfies 

a(t,r) = if \t\ i [1,T], 
and for every j = 0, 1, 2, . . . and k = 0, 1, 2, . . . 



(5.11) 



d? d' 
dP dr 



fca(t,r) 



<A 3k e cT (l + r)-\ 



for a fixed constant c > 0. Then there is a constant B depending only on n and the size 

d 

< BTe cT X 1 ^ , A,T>1. 



of finitely many of the constants in (5.11) so that 



u{t,\Z\)e ltx±im e lv -t d^dt 



Proof. If \v\ < 1/2, then one can integrate by parts in the ^-variable to see that better 
bounds hold where in the right side is replaced by one. The result for \v\ > 1/2 

follows from (2.14) and (2.15) after noting that if d(r, |£|) denotes the partial Fourier 
transform in the t- variable then our assumptions (5.11) and an integration by parts 
argument imply that 



i(A±|M)||£|- 



d£ < BTe cT X^ 
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□ 



We can now finish the proof of (5.7|. If we use the lemma along with ( 5.8 )-( 5.10 ), we 



conclude that each term in the sum in the left side of (5.7) is bounded by 

BTe CoT \^' 



(5.12) 



T = eilogA, 



for some constant B when A 3> 1. Furthermore, as noted by Berard [3] classical volume 
growth estimates imply that there are 0(e ClT ) nonzero terms in the sum in (|5.7[) for a 
fixed constant c\ — c\(g). Thus, after possibly increasing the constant cq in (5.12), the 
whole sum is bounded by this quantity. Since given 5\ > we can choose a fixed E\ > 0, 

' ^) as A^ - 



£\ = £i(co,<5i) so that the quantity in (5.12) is 0(A 
and hence (5.1 ). 



we obtain (5.7) 



□ 
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